Abstract. In the present paper we prove that, on a hyperkähler manifold, walls of the Kähler cone and extremal rays of the Mori cone are determined by all divisors satisfying certain numerical conditions.
Introduction
The structure of the Mori cone and the Kähler cones of hyperkähler manifolds has attracted some attention in recent years. For K3 surfaces, the Mori cone is generated by curves of self intersection ≥ −2 and the Kähler cone is just the dual cone. Huybrechts proved some pioneering results for general hyperkähler manifolds in [9] and more was done by Markman (cf. [12] ). In the present paper we introduce a class of divisors, wall divisors, preserved under deformations where they stay of (1, 1) type. This class contains divisors associated to extremal rays of the Mori cone, cf. Proposition 1.5. This class of divisors is preserved under smooth deformations, which is the main result of the paper (cf. Theorem 1.3) and gives a wall and chamber decomposition of the positive cone. In particular, once a way to determine all possible orbits of extremal rays is given, one of the chambers in this decomposition is the Kähler cone. In the case of manifolds of K3
[n] type it had been conjectured by Hassett and Tschinkel that the Mori cone is given by curves with self intersection greater than − n+3 2 . Using minimal model program, they proved in [6] one direction of the conjecture in dimension four. Although there are now counterexamples to the general form of this conjecture (see [2, Proposition 9.3] ), it is still expected that some numerical characterization of the Mori cone can be given. For the closure of the birational Kähler cone this numerical characterization has been given by Markman [12] , we summarize it in Theorem 2.3. Bayer and Macrì [3] give a numerical characterization of the Kähler and Mori cones for manifolds which are given by moduli spaces of sheaves on projective K3 surfaces, we summarize their results in Theorem 2.4. As an application of our class of divisors, we use the latter result to give a numerical characterization for all manifolds of K3
[n] type, including non algebraic ones. We analyze several divisors known to be wall divisors and we obtain a full numerical classification of the Kähler cone for n = 2, 3 and 4. It is of course possible to extend these results to arbitrary n using the known classification on Moduli spaces. For all manifolds of K3
[n] type, we prove one direction of the Hassett and Tschinkel conjecture, namely that extremal rays of the Mori cone have square greater than − A nice geometrical interpretation of some walls of the Kähler cone can be found in [7] , where Hasset and Tschinkel analyzed contractions of some extremal rays of the Mori cone. It should be pointed out that, by a result of Markman [12] , most of the divisors dual to extremal rays are not irreducible and, in the non algebraic case, they are also not effective. This gives an example of analytic manifolds with no effective divisors but with rational curves.
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Notations. Let M be a lattice of signature (3, r) . Let X be a hyperkähler manifold and let f : H 2 (X, Z) → M be a marking. The moduli space of marked hyperkähler manifolds is denoted by M M . The connected component containing (X, f ) is denoted by M 0 M . The period domain Ω M is defined in two equivalent ways: as the Grassmannian of positive oriented 2 planes inside M ⊗ R or the open set {ω ∈ P(M ⊗ C), ω 2 = 0, (ω, ω) > 0}. In the first case the period map P sends (X, f ) to the positive plane Re(f (σ X )), Im(f (σ X )) , while in the second the image is [f (σ X )]. Let g be a hyperkähler metric on a manifold X with Kähler class ω. The twistor family of X given by the hyperkähler metric g is denoted by T W (X) ω . Its base space is P 1 . In the Grassmaniann description of the period domain the periods of a twistor family are all positive oriented 2 planes contained in the positive space
. Any such set of oriented 2 planes contained in a positive 3 space is called twistor line. A generic twistor line is a twistor line containing the image of the very general point of the moduli space, i. e. any point corresponding to a manifold X with no nontrivial divisors. We remark that the period domain is connected by generic twistor lines, cf. [10, Proposition 3.7] . Let L be a lattice and let v ∈ L. The divisor of v, denoted div(v), is the integer
For every hyperkähler manifold X we will view H 2 (X, Z) as the dual to the lattice H 2 (X, Z), which sits naturally inside H 2 (X, Q), and let
If S is a K3 surface and D is a divisor on S we still denote by D the divisor on S
[n] defined by the subschemes of S intersecting D. We will also denote by 2δ the exceptional divisor of the map
, Z) and we will call manifolds of K3
[n] type all manifolds deformation equivalent to S [n] . The moduli spaces and period domains of such manifolds will be denoted respectively M n and Ω n . If N ⊂ M is a lattice of signature (3, l), we denote with M N and Ω N the moduli spaces and periods of marked hyperkähler manifolds (X, f ) with
In particular the period domain Ω N , if nonempty, coincides with the period domain for the lattice N .
Wall divisors
The main objects of interest in the present paper are cones related to the geometry of hyperkähler manifolds. Let X be a hyperkähler manifold. The first cone we are interested in is the positive cone, denoted by C X , which is the connected component containing a Kähler class of the cone of positive classes. Of paramount importance in this paper is the Kähler cone, which is the cone containing all Kähler classes and it is denoted K X . Then there is the birational Kähler cone, denoted BK X , which is the union ∪f −1 K X ′ , where f runs through all birational maps between X and any hyperkähler manifold X ′ . If X is projective, then the closure of the birational Kähler cone is just the movable cone, the closure of the cone of divisors whose linear system has no divisorial base components. Finally there is the Mori cone, or the cone of effective curves, which is the closure of the cone in H 2 (X, R) generated by classes of effective curves.
Let X be a hyperkähler manifold and let ω be a Kähler class. Let F be a cone inside H 2 (X, Z) such that (ω, r) ≥ 0 for all r ∈ F . Then the dual cone F ∨ is the cone
With this notion the Kähler cone of a projective X is just the dual to the Mori cone.
We will need some properties of twistor lines and their liftings to moduli spaces, the following is part of the work done by Huybrechts, Markman and Verbitsky in order to prove a global Torelli theorem for hyperkähler manifolds: Proof. Let T W ⊂ Ω M be a generic twistor line and let ∆ ⊂ T W be a small open neighbourhood of a distinguished point 0 ∈ ∆. Since P is a local isomorphism, ∆ lifts to M 0 M . The line T W is generic, therefore the very general element of ∆ is given by a manifold with zero Picard lattice and with K = C. Let X t be one such very general element and let W be the positive 3-space corresponding to T W . Let α t be a class contained in W ∩ Re(σ Xt ), Im(σ Xt )
⊥ . This class is positive and of type (1, 1). Therefore ±α t lies in the Kähler cone. Moreover P(T W (X t ) αt ) = T W . Definition 1.2. Let X be a hyperkähler manifold and let D be a divisor on X.
We remind that a parallel transport Hodge isometry is obtained by taking parallel transport of a marking f in a path inside a deformation of X. For manifolds of K3 [n] type , the group of parallel transport operators has been determined by Markman [12] .
The following makes this class of divisors particularly useful. Theorem 1.3. Let (X, f ) and (Y, g) be two marked hyperkähler manifolds and let D be a wall divisor of X. Suppose that (g
Proof. To prove our claim, we will suppose that there exists a marked manifold Proof. Since R is an extremal ray, the wall R ⊥ ⊂ H 2 (X, R) defines a wall of the Kähler cone of X which is also a wall for the birational Kähler cone. When X is projective, this is can be seen using the flops in the cone theorem [11, Theorem 3.7] . If X is not necessarily projective, we can apply [8 
Here X ′ is a hyperkähler manifold birational to X, Z is the graph of a birational map between the two manifolds and the projections of Y i are the indeterminacy loci of the map. In our case none of the projections of the Y i are divisors. If R is not contained in any Y i , then Z * (R) is well defined and effective on X ′ , hence the form q(γ * D, −) is positive on the Kähler cone of X ′ . Otherwise, let π(Y i ) be the projection to X of Y i . As in [8, Theorem 7 .1], a Kähler class of X ′ has negative intersection with a curve in the fibre Y i → π(Y i ) and this class is a multiple of R. Hence, q(γ * D, −) is negative on K X ′ . Now we need to prove that h(D) is a wall of BK X for any parallel transport operator h. In the special case of a wall which is also a wall for BK X , our claim is the content of [13, Section 5] . If on the other hand BK X = C X , all Hodge isometries are birational transformations and we are likewise done. If this is not the case, we can proceed like in Theorem 1.3 and deny our claim, then we deform with twistor families to a manifold (Y, g) where BK Y = C Y , while keeping the class of the extremal ray algebraic. On Y our claim holds, therefore it does so on X.
From this we obtain the following: Proposition 1.5. Let X be a hyperkähler manifold and let ω be a Kähler class.
Then there is a bijective correspondence between extremal rays of the Mori cone with negative self intersection and primitive wall divisors D satisfying the additional conditions
Proof. Let R be an extremal ray of the Mori cone. Inside QR we can choose a primitive divisor D such that (D, ω) > 0 by Lemma 1.4. Moreover D ⊥ ∩ K X consists of all Nef divisors T such that (T, R) = 0. Conversely, any wall divisor whose perpendicular intersects the closure of the Kähler cone and which is positive on a Kähler class has a dual curve D ∨ which lies in the Mori cone. This ray is on the boundary, since any small modification of D ∨ has orthogonal which meets the interior of the Kähler cone or which no longer meets the closure of the Kähler cone. Being the dual to a wall, this class is also extremal.
Notice that the above proposition exploits some ideas already contained in [9, Section 5], where in particular there is a geometric interpretation of subvarieties containing extremal rays. This proposition, together with Theorem 1.3, provides a numerical characterization of extremal rays of the Mori cone and, dually, walls of the Kähler cone. In the following we analyze some of these rays. In particular for manifolds of K3
[n] type, we will need to analyze the orbit up to isometry of wall divisors inside the lattice L n , but this is made extremely easy by the following, known as Eichler criterion [5, Lemma 3.5] . Lemma 1.6. Let T be a lattice such that T ∼ = U 2 ⊕ N for some lattice N and let v, w ∈ T be two primitive vectors such that the following conditions hold:
Then there exists an isometry g of T such that g(v) = w.
This lemma gives a unique isometry orbit (if n − 1 is a prime power) for any primitive element v of L n ∼ = U 3 ⊕ E 8 (−1) 2 ⊕ (−2n + 2) as soon as we fix v 2 and div(v) and such isometries are of parallel transport.
On manifolds of K3
[n] type Example 2.1. Let S be a K3 surface and let C be a smooth rational curve on S. Then the divisor C on S [n] is a wall divisor and the dual rational curve is an extremal ray of the Mori cone of X. Notice that [C] has square −2 and divisor 1. Example 2.2. Let S be a K3 surface and let 2δ be the exceptional divisor of the resolution S
[n] → S (n) . Then δ is a wall divisor and its dual rational curve is an extremal ray of the Mori cone. Notice that δ has square −2(n − 1) and divisor 2(n − 1).
Let Λ = U 4 ⊕E 8 (−1) 2 be the Mukai lattice and let X be a manifold of K3 [n] type. The manifold X comes with a primitive embedding i : [n] type. Let D be a divisor on X, then the following hold:
is a multiple of n − 1 and one of the two isotropic classes w 1 , w 2 , associated to D as above, satisfies (v, w i ) = 1 or 2, then D is a wall divisor.
Let M v (S, H) be the moduli space of stable sheaves with primitive Mukai vector v on the K3 surface S with respect to a given v generic polarization H. Let s be a divisor such that s ⊥ gives a wall of the Kähler cone of M v (S, H) and let T be the rank two hyperbolic primitive sublattice of Λ containing v and s. Let P T be the set {t ∈ T, such that (t, v) > 0, t 2 ≥ 0}. • There exists w ∈ T such that w 2 = 0 and (w, v) = 1 or 2.
• There exists w ∈ T such that w 2 = −2 and 0 < (w, v) ≤ v 2 /2.
• There exist w, t ∈ P T such that v = w + t.
Moreover for any lattice T satisfying one of the above we obtain a wall of the Kähler cone.
Notice that the first two cases are the ones we obtain from Theorem 2.3. A generalization of the above theorem to arbitrary projective deformations has recently been proved in [1] by Bayer, Hassett and Tschinkel.
Remark 2.5. Let T be as above and let
Example 2.6. Let S be a degree 2 K3 surface with polarization H, and let i be the involution of the covering S → P 2 . Then P 2 ⊂ S [2] , where the projective plane is given by the set of points (x, i(x)). Let l be the class of a line in this plane. we have l = H − 3δ ∨ , where 2δ is the exceptional divisor. The dual divisor 2H − 3δ is a wall divisor, since the Mukai flop on the given plane is the reflection along this element.
Corollary 2.7. Let X be a manifold of K3
[n] type and let R be an extremal ray of the Mori cone of X. Then
Proof. Bayer and Macrì [3, Proposition 12.6] proved that the inequality holds on a codimension 2 subset of any connected component of the moduli space of manifolds of K3 [n] type. This subset is given by moduli space of stable sheaves on projective K3 surfaces. Suppose by contradiction that R is an extremal ray with R 2 < − n+3 2 . Let D be the dual divisor to R (i. e. D/div(D) = R). Since R is an extremal ray of the Mori cone, we have that D is a wall divisor. Let f be a marking of X and let . A direct computation shows l = E − (n − 1)δ ∨ . By Corollary 2.7 l is an extremal ray of the Mori cone, therefore by Lemma 1.4 the dual divisor 2E − δ is a wall divisor and has square −(2n + 6) and divisor 2.
Corollary 2.9. Let X be a manifold of K3
[n] type where n − 1 is a prime power. Then divisors of square −(2n + 6) and divisor 2 are wall divisors.
Proof. Let D be one such divisor on X and let f be a marking. The lattice
⊥ is univoquely determined by Lemma 1.6 and there is also a single isometry orbit of f (D). In order to obtain our claim using Theorem 1.3 we need only to find a manifold of K3
[n] type where such a divisor is a wall divisor, but this is precisely Example 2.8. Proposition 2.12. Let X be a manifold of K3 [2] type. Then the walls of K X are given by divisors of square −2 or divisors D of square −10 and div(D) = 2.
Proof. Markman proved that the closure of the birational Kähler cone is dual to the cone generated by divisors of square −2, more precisely it is the chamber containing a Kähler class of this cone. Hassett and Tschinkel proved that the Kähler cone contains the dual cone to elements of square −10 and divisor 2 and to elements of square −2. We need only to prove that all divisors with square −10 and divisor 2 give a wall of the Kähler cone (i. e. they are wall divisor). We remark that such elements are unique up to a parallel transport isometry of L 2 . Example 2.6 tells us that we can apply Theorem 1.3 to these divisors, therefore we obtain our claim.
Dually, this corollary proves that negative extremal rays of the Mori cone on manifolds of K3 [2] type are given by curves of self intersection −5/2, −2 or −1/2.
2.2.
The case n = 3. As an application of Theorem 1.3 we compute the Kähler and Mori cone of manifolds of K3
[n] type for n = 3. By Corollary 2.7 the Mori cone is contained in the cone generated by integer classes r in H 2 (X, Z) with square greater than −3. Table H3 ]. The last element is one of the possibilities in Theorem 2.3.
Definition 2.13. Let X be a manifold of K3 [3] type and let ω be a Kähler class. Let N K X ⊂ C X be the dual cone to the closure of the cone generated by divisors D having the same numerical invariants as those in Table 2 .2 and satisfying (D, ω) ≥ 0.
Theorem 2.14. Let X be a manifold of K3 [3] type. Then N K X = K X .
Proof. The cone N K X is contained in the Kähler cone because all of the walls of K X are given by a divisor in the above [n] type for n = 4. By Corollary 2.7 the Mori cone is contained in the cone generated by integer classes r in H 2 (X, Z) with square greater than − 7 2 . As in the previous case not all values can be obtained, below is a list of all possible extremal rays and of their corresponding dual divisors. The first six elements in this table are those contained in [7, Table H4 ]. Let us remark that this is the highest dimension where the conjecture of Hassett and Tschinkel holds. As before let X be a manifold of K3 [4] type with a Kähler class ω. Let N K X be the dual cone to the cone generated by divisors D with the same numerical invariants as the elements in the above table and satisfying (D, ω) ≥ 0. Theorem 2.15. Let X be a manifold of K3 [4] type. Then N K X = K X .
Proof. The proof goes exactly as in Theorem 2.14, the only thing we need to prove is that elements of square −6 and divisor 2 are wall divisors. Let X = M v (S, H) be a smooth moduli space of stable sheaves on a K3 surface S with v 2 = 6 and let D ∈ P ic(X) be an element satisfying D 2 = −6 and div(D) = 2. The existence of such a manifold is again due to the surjectivity of the period map. If we embed D in Λ we obtain a hyperbolic lattice T generated by v and a = v+D 2 . The lattice T satisfies the conditions of Theorem 2.4, therefore by Theorem 1.3 elements in its numerical equivalence class are wall divisors.
